In this paper we calculate the optical forces and torques caused by the presence of a sizable magneto-optical effect. We find a conservative force proportional to the gradient of the spin density of the light field and an extinction force proportional to the helicity of the light field. The conservative interaction allows for a spin-selective, magnetic field based Stern-Gerlach experiment, capable of differentiating between right and left circular polarizations. We also prove that by using a spinless linearly polarized plane wave, the magneto-optical effect allows for the existence of a permanent nonreciprocal torque, proportional to the intensity of the light field.
I. INTRODUCTION
The Stern-Gerlach experiment is one of the most representative examples of a measurement dealing with stateselective deflection in a field gradient. In this experiment, atoms are deflected depending on their magnetic moment by a nonconstant magnetic field. The splitting of an atomic beam in an optical field intensity gradient is often referred to as the optical Stern-Gerlach effect, first experimentally observed by Sleator and co-workers [1] . More recently, the discrimination of chiral molecules using optical forces has been proposed [2] and an experimental demonstration using optical helicity gradients has been reported [3] . In those optical analogs the electromagnetic radiation is always used as the splitting force. Our main goal here is to show that nonreciprocal optical forces can lead to an actual, counterintuitive, optical analog of the Stern-Gerlach effect: the photon-spin selective deflection of a light beam in a static magnetic field gradient.
There are many ways to split a beam of light in left and right circular polarizations based on standard circular filters. New alternative methods somehow related to Stern-Gerlachlike mechanisms are based on nonlinear coupling on pumped crystals with a transverse gradient, recently proposed to split spinorlike states of light [4] , on scattering from chiral surfaces [5] , or on electromagnetically induced transparency [6] . In the latter, the so-called dark polaritons, i.e., atom plus photon couplings with a nonzero magnetic moment depending on * a.garcia.martin@csic.es † manuel.marques@uam.es the polarization of light, are created in atomic gases [7] and deflected by magnetic field gradients [8] [9] [10] . Our main goal here is to explore another way to extract information about the state of light (spin angular momentum and helicity) by using an external magnetic field to tune the optical forces on small particles via the magneto-optical effect (MOE).
After Ashkin's pioneering work of 1970 [11] , driving, trapping, and shorting of nano-and micron-sized particles using electromagnetic fields have become common tools in physics and biology. Additionally, since the early days in the field of photonics, a key goal has been to be able to manipulate light-matter interactions using external means. Among all possibilities, one that offers high modulation speed and ease of action is the exploitation of the magneto-optical effect [12] . Indeed, the magneto-optical control of the resonant behavior in plasmonic systems, and the complementary enhancement of the magneto-optical response due to the same resonances, is behind the success of the field of magnetoplasmonics [13] . In the last few years, the standard magnetoplasmonic system exhibiting electric resonances has been extended to consider other situations, such us the exploitation of magnetic resonances [14] [15] [16] , or even the control of thermal radiation and radiative heat transfer at room temperature [17] [18] [19] [20] .
In this paper we will merge optomechanics with the field of magneto-optics to analyze how optical forces and torques are tuned by the presence of an external magnetic field, and we will analyze how this modulation can be used to extract information about the spinning state of light using the classical Stern-Gerlach experiment. and isotropic medium with permittivity ε h and real refractive index n h = √ ε h . For harmonic fields, the electric displacement D in inside the particle is related to the electric field E in through D in = ε 0 ε(ω)E in . In the presence of a static external magnetic field B ext , the scalar permittivity becomes a tensor ε [with components ε i j (B ext ) = ε ji (−B ext )] which, in the absence of absorption, must be Hermitian, ε i j (B ext ) = ε * i j (B ext ). Assuming a small spherical particle of radius R, an external monochromatic field E induces an electric dipole p = ε 0 ε h αE, where α(ω) is the polarizability tensor given by [21] 
where k = n h ω/c is the wave number, V = 4π R 3 /3 is the particle volume, and I the unit tensor. We will consider that the magneto-optical (MO) response is small, thus the electric displacement inside the particle, at lowest order in the external magnetic field (linear regime), is given by [22, 23] 
whereb is a unit vector (B ext = B extb ) and f is a gyromagnetic constant ([ f B ext ] has units of frequency). In the absence of absorption, ε and f must be real. The polarizability can then be approximated as α ∼ α I I + α MO [24] , where α I is the isotropic scalar polarizability found in the absence of a static magnetic field and α MO is the antisymmetric MO tensor,
with
where
In general, the time-averaged force on a dipolar nonisotropic particle can be obtained from the well-known expression
Splitting the polarizability in Hermitian and anti-Hermitian contributions,
the force can be rewritten as the sum of "gradient" and "extinction" forces, F ≡ F grad + F ext , with
Equations (8) and (9) are general results for arbitrary nonisotropic electric dipolar particles showing that the force contribution from the Hermitian polarizability F grad is always conservative while the anti-Hermitian contribution F ext (which is not zero even in absence of absorption) can give rise to nonconservative optical forces.
In the particular case of a small MO response, the forces induced by the combination of external dynamic electric E and static magnetic B ext fields can be obtained from Eqs. (8) and (9): The gradient force [Eq. (8) ] is given by
where the first term is the standard force proportional to the field intensity gradient and J spin is the spin angular momentum (SAM) per unit volume of the light field. The second MO term can be rewritten as a "Zeemann" force on an effective magnetic dipole of light m eff in a external magnetic field B ext ,
where the magnetic moment is proportional to the SAM density of the radiation, m eff ≡ γ eff J spin , with a gyromagnetic ratio γ eff = Re{α 2 I γ }/2V . When the external magnetic field is constant, there is a net MO force when m eff , i.e., the SAM density of the incident field, is not uniform,
In contrast, since the SAM of a plane wave is uniform, there is no MO contribution to the gradient force. However, in the presence of an inhomogeneous static magnetic field, a gradient force on the particle exists, whose sign depends on the spin of light,
If one of the components of B ext is perpendicular to k, with a gradient along the k direction, there is a net MO force orthogonal to the isotropic contribution. This resembles the Stern-Gerlach effect of splitting a beam of atoms by a magnetic field gradient. However, here, the splitting does not depend on the magnetic moment of the particles but on the spin of the light field. So, for radiation with nonzero spin and for a nonconstant magnetic field, the direction to which the scattered light from the MO particle will be deflected is dependent on the spin angular momentum of the radiation, in full analogy with the well-known Stern-Gerlach experiment.
On the other hand, the extinction force [Eq. (9)] in the MO perturbative approach can be written as
where S = Re(E * × H)/2 is the Poynting vector. Again, the first term is the known result for extinction forces on isotropic 013005-2 particles [25] and, when the external magnetic field is constant,
Equations (11) and (15) are the main results of the present work concerning the MO contribution to the optical forces. For plane-wave (PW) illumination, E = E 0 e ik·r , the MO extinction force is given by
where Im{E · H * } is proportional to the optical helicity density , defined as [26, 27] = n h c
The spin density has dimensions of helicity flux density (or angular momentum per unit volume) and for plane waves J spin = (c/n h ) k/k. Thus, we can write
In general, the extinction force when E ·b = 0 and E varies only in theb direction can be written as
Note how the MO extinction force can be used to quantify the actual value of the helicity of the light field. For plane-wave illumination and constant static magnetic field, the MO contributions above are usually small compared to the familiar isotropic contributions. In order to illustrate some of the unusual properties of magneto-optical forces we shall consider the field of a standing wave formed by two counterpropagating plane waves (see Fig. 1 ), with ∇|E| 2 = 0, S = 0, and ∇ × J spin = 0, i.e., a field that induces zero net force on an isotropic particle in the absence of a static magnetic field. Such optical fields had been utilized in the laser cooling of certain atoms [28] as well as in the discussion of the nature of the light spin (J spin ) and helicity ( ) densities of interfering waves [29] which are given by
If B ext = B extẑ is a constant vector pointing along z (in the so-called "polar" configuration), the total optical force acting on the MO particle is given by 
For the first setup with φ = 0, we have plotted, in Fig. 2 , the electric field vector for different values of position and time. In Fig. 2(a) we have highlighted in a color map the corresponding different values of the spin. Note how, for any value of time, the spin oscillates in space from positive to negative values. This behavior gives rise to a gradient force coming from the classical "Zeeman" effect [Eq. (11) ]. Although the incoming fields do not interfere, the scattered components generate a self-induced one-dimensional optical lattice emerging from the interference of the (magnetically induced) scattering components with the corresponding parallel components of the external beams. As shown in Fig. 2(b) , for any position, the helicity oscillates in time from positive to negative values, meaning a null time-averaged value of the helicity and a zero extinction force [Eq. (19) ]. In the second setup with φ = π/4 the situation is just the opposite. The total value of the spin is always equal to zero [note the white background in Fig. 3(a) ], implying a null gradient force, while the helicity has a constant positive value [note the yellow background in Fig. 3(b) ], implying the existence of a constant extinction force.
III. OPTICAL TORQUE ON MAGNETO-OPTICAL PARTICLES
In addition to optical forces, it is also possible to generate optical torques on electric dipoles. In the analysis of the MO-induced torque, it is useful to consider the total power dissipated by the particle [21] ,
which vanishes in the absence of absorption, i.e., when α 0 = α † 0 . When the particle absorbs radiation, we can obtain the absorption cross section which, defined for plane-wave incidence, depends on the helicity ±1 of the incoming field (we associate circularly left polarized light with positive helicity),
Assuming that we stay in the linear regime, and the magnetic field is parallel to the k vector of the field (b · k = k), we can easily obtain
and
where σ abs I is the absorption cross section of the standard non-MO particle and σ abs dic is the "dichroic" absorption cross section. The general expression for the time-averaged torque τ generated by an homogeneous wave on an electric dipole is given by [30] 
which, in the case of a MO particle, can be written as the sum of several contributions,
For plane-wave illumination, with k = kẑ, and in the "polar" configuration (B ext = B extẑ ), the torque is parallel to the z axis and is given by
Note how the torque generated by a plane wave has two components: a first well-known component, proportional to the average value of the spin density of the light field, and a second nonreported MO contribution, proportional to the squared modulus of the electromagnetic field. It means that a MO particle always experiences a torque (except in the nodes of a standing wave) independently of whether or not the electromagnetic field has a spin. The conservation of angular momentum is, however, fulfilled; compensation comes from the nonlinearly polarized scattered field and from the interference of the scattered and incoming fields [31] . Indeed, integration of the z component of the angular momentum flux [32] of both fields (scattered and incident) over a surface of a sphere yields to torque compensation. Equation (32) demonstrates the remarkable counterintuitive result of a linearly polarized plane wave, carrying zero angular momentum, inducing a constant and permanent (as long as the magnetic field is applied) torque on a magneto-optically active nanoparticle.
IV. MAGNETO-OPTICAL VERSUS CHIRAL PARTICLES
It is worth noticing that optical forces and torques on MO particles are qualitatively different from those on chiral objects. In particular, for the fields given by Eq. (20) , the chiral forces and torques are equal to zero: The interaction force on a chiral electric dipole, neglecting self-interaction recoil terms, in a field with ∇|E| 2 = 0, S = 0, and ∇ × J spin = 0, is given by [33] [34] [35] 
with χ the chiral polarizability and J m spin the magnetic spin of the electromagnetic radiation. For φ = 0, the force on a chiral particle is zero because both the helicity and the full spin vector (electric plus magnetic) are zero, while for φ = π/4 the spin densities (electric and magnetic) are zero but the helicity is different from zero. However, the force on a chiral particle is again null because the helicity is constant and chiral particles are sensible only to variations of the helicity. On the other hand, the torque exerted by a plane wave on a chiral electric dipole, in linear response on χ , is given by [36] τ Ch | PW = c σ abs I J spin + σ Ch
with σ Ch abs dic = 2k[Im(χ ) − k 3 6π Re(α I χ * )] the "dichroic" absorption cross section of the chiral particle. Note that the MO torque depends on the intensity of the electric field, while in the case of a chiral torque, this term depends on the Poynting vector itself, which, for the fields given by Eq. (20), is zero.
V. MAGNETO-OPTICAL FORCE ON n-DOPED InSb PARTICLES
As an example of a magneto-optical material we will calculate the values of the MO force for n-doped InSb, a polar semiconductor, that when subjected to an external magnetic field becomes magneto-optical [37] . The dielectric permittivity tensor can be nicely considered as a Drude-like metal which, at lowest order in the magnetic field, is given by [37] 
Here, ε ∞ is the high-frequency dielectric constant, ω L is the longitudinal optical phonon frequency, ω T is the transverse optical phonon frequency, ω 2 p = n p e 2 /(m * ε 0 ε ∞ ) is the plasma frequency of free carriers of density n p and effective mass m * , p is the phonon damping constant, and f is the freecarrier damping constant. In all the calculations below, we consider the particular case taken from Ref. [17] , where ε ∞ = 15.7, ω L = 36.2 THz, ω T = 33.9 THz, ω p = 31.4 THz, = 0.565 THz, γ = 3.39 THz, and m * = 0.022m 0 , and we use a 200-nm radius particle. In Fig. 4(a) we plot the maximum value of the optical force, in the z direction, for the optical configuration with φ = 0 (force proportional to the gradient of the spin density of the light field) for different values of the frequency and the external magnetic field. Correspondingly, in Fig. 4(b) we plot again the value of the optical force but for the case with φ = π/4 (force proportional to the helicity). The force in the first case is proportional to the real part of α MO , while in the second case it is proportional to the imaginary part of α MO . The forces thus exhibit high values for the magnetically dependent branches of the resonances (see, e.g., Ref. [20] ), which are zero for the nonmagnetic ones and, of course, for B ext = 0.
VI. CONCLUSIONS
To sum up, we have introduced intriguing phenomena in optical forces caused solely by the presence of a sizable magneto-optical effect. We have demonstrated that the scattered fields from a MO-active nanoparticle allow for the generation of a conservative optical lattice using noninterfering incoming fields depending on the gradient of the spin density of the light field. This interaction allows for the proposal of a Stern-Gerlach experiment in which the scattered light is deflected on a nonconstant magnetic field, depending on the value of the spin angular momentum of the electromagnetic radiation. Also, we have calculated the extinction forces and we have shown how it is possible to exert tunable radiation pressure on a nanoparticle using electromagnetic fields with a zero average value of the Poynting vector but with constant helicity. Finally, we have proved that the MOE allows for a permanent nonreciprocal torque using a spinless, linearly polarized plane wave which, in contrast with the chiral case, depends not on the Poynting vector but on the intensity of the light field. These radiation forces and torques on nanoparticles based on the magneto-optical effect open a route to applications in the field of optical manipulation. On the one hand, this mechanism allows for a different interaction between light and a constant magnetic field. The spin properties of the electromagnetic radiation are now transferred to an effective magnetic dipole moment on a MO particle inducing a Zeemann interaction between the spin of light and the constant magnetic field. Inspired by this interaction, other applications can be proposed such as sorting of radiation based on a Stern-Gerlach setup and cooling of nanosized particles lacking magnetic moment discrete energy levels. On the other hand, the magneto-optical interaction reported is also sensible to the value (not gradient) of the helicity of radiation and, for that reason, by using the MO particle as a probe, the absolute value of the helicity of a particular electromagnetic field can be determined. Finally, the magneto-optical effect also allows for the existence of optical manipulation schemes based on the nonreciprocal character of the MO interaction such as, for instance, the capability of transferring permanent torques in resonant cavities by using linearly polarized light.
